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EXISTENCE OF HOMOGENEOUS METRICS WITH
PRESCRIBED RICCI CURVATURE
Mark Gould & Artem Pulemotov

Abstract. — Consider a compact Lie group G and a closed subgroup H < G.
Suppose T is a positive-definite G-invariant (0,2)-tensor field on the homogeneous
space M = G/H. In this note, we state a sufficient condition for the existence of a
G-invariant Riemannian metric on M whose Ricci curvature coincides with cT for
some c > 0. This condition is, in fact, necessary if the isotropy representation of M
splits into two inequivalent irreducible summands. After stating the main result,
we work out an example.

1. Introduction
The prescribed Ricci curvature problem consists in finding a metric whose
Ricci curvature coincides with a given tensor field. The investigation of this
problem is an important segment of geometric analysis with connections to
flows, relativity and other areas of research. While many mathematicians
made important contributions to the subject, a particularly large number of
results were obtained by DeTurck and his collaborators. The papers [10, 11]
contain a number of references to, and comments on, the relevant literature.
On a closed manifold, instead of searching for a metric with Ricci curvature equal to a given positive-definite tensor field T , one should search for
a metric g and a constant c > 0 such that
(1.1)

Ric g = cT.

We invite the reader to see [10, Introduction] for an explanation and the
history of this paradigm. In [10], the second-named author initiated the
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investigation of equation (1.1) on homogeneous spaces. In particular, consider a compact connected Lie group G and a closed connected Lie subgroup
H < G. Suppose T is a positive-definite G-invariant tensor field on the homogeneous space M = G/H. The main result of [10] implies that a metric
g and a constant c > 0 satisfying (1.1) can be found if H is a maximal connected Lie subgroup of G. In this note, we propose a sufficient condition
for the existence of g and c in the case where the maximality assumption
does not hold. This condition imposes requirements on both the space M
and the tensor field T . It turns out to be sufficient and necessary when
the isotropy representation of M splits into two inequivalent irreducible
summands; see Remark 2.5. In the end of this note, we outline a general
procedure for constructing examples that illustrate the applicability of our
result. We also work out one such example in some detail.
Our study of the prescribed Ricci curvature problem was largely inspired
by the theory of homogeneous Einstein metrics; see, e.g., [3, 4, 12]. It seems
likely that our results and the underlying techniques will contribute to the
development of that theory. As a more specific application, we expect that
the sufficient condition we propose will lead to new existence theorems for
the Ricci iteration on homogeneous spaces; cf. [9]. The proofs of our results,
along with some extensions, will appear in a forthcoming paper.

2. The main result
Consider a compact connected Lie group G and a closed connected subgroup H < G. Assume the homogeneous space M = G/H has dimension 3
or higher, i.e.,
dim M = n > 3.
Let g and h be the Lie algebras of G and H. Choose a scalar product
Q on g induced by a bi-invariant Riemannian metric on G. If g0 and g00
are subspaces of g such that g0 ⊂ g00 , we use the notation g00 g0 for the
Q-orthogonal complement of g0 in g00 . Define
m=g

h.

It is clear that m is Ad(H)-invariant. The representation Ad(H)|m is equivalent to the isotropy representation of G/H. We standardly identify m
with the tangent space TH M . The representation Ad(H)|m is completely
reducible.
Let M be the space of G-invariant Riemannian metrics on M . In what
follows, we implicitly identify g ∈ M with the bilinear form induced by g
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on m via the identification of TH M and m. The space M carries a natural
smooth manifold structure; see, e.g., [9, pages 6318–6319]. The properties
of M are explored in [3, Section 4.1].
Our main result imposes the following hypothesis on the homogeneous
space M . We will discuss this hypothesis and some examples in Section 3.
Hypothesis 2.1. — Every Lie subalgebra s ⊂ g such that h ⊂ s and
h 6= s meets the following requirements:
(1) The representations Ad(H)|s0 and Ad(H)|s00 are inequivalent for
every pair of nonzero Ad(H)-invariant spaces s0 ⊂ s h and s00 ⊂
g s.
(2) The commutator [r, s] is nonzero for every Ad(H)-invariant 1dimensional subspace r of g s.
Suppose k and k0 are Lie subalgebras of g such that
g ⊃ k ⊃ k0 ⊃ h.

(2.1)

In order to state our main result, we need to introduce some terminology
and notation.
Definition 2.2. — We call (2.1) a simple chain if k0 is a maximal Lie
subalgebra of k and h 6= k0 .
Let us emphasise that Definition 2.2 allows the equality k = g but not
k0 = k. We denote
j=g

k,

j0 = g

k0 ,

l=k

k0 ,

n = k0

h.

It is obvious that
g = j ⊕ l ⊕ n ⊕ h = j0 ⊕ n ⊕ h,

j0 = j ⊕ l,

k = l ⊕ n ⊕ h,

k0 = n ⊕ h.

Here and in what follows, the symbol ⊕ stands for the Q-orthogonal sum.
Given a bilinear form R on m or g and a nonzero subspace m0 ⊂ m, we
write R|m0 for the restriction of R to m0 . Let trQ R|m0 be the trace of R|m0
with respect to Q|m0 . Denote
ω(m0 ) = min{dim m00 | m00 ∈ Ω(m0 )},
where Ω(m0 ) is the class of nonzero Ad(H)-invariant subspaces m00 ⊂ m0
such that the representation Ad(H)|m00 is irreducible. It is clear that ω(m0 )
always lies between 1 and dim m0 . In fact, ω(m0 ) equals dim m0 if Ad(H)|m0
is irreducible.
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Given Ad(H)-invariant subspaces u ⊂ m, v ⊂ m and w ⊂ m, define a
tensor ∆(u, v, w) ∈ u ⊗ v∗ ⊗ w∗ by the formula
∆(u, v, w)(X, Y ) = πu [X, Y ],

X ∈ v, Y ∈ w.

Here, πu stands for the Q-orthogonal projection onto u. Let huvwi be the
squared norm of ∆(u, v, w) with respect to the scalar product on u⊗v∗ ⊗w∗
induced by Q|u , Q|v and Q|w . The fact that Q comes from a bi-invariant
metric on G implies
huvwi = hwuvi = hvwui = hvuwi = huwvi = hwvui.
Suppose (2.1) is a simple chain. In order to state our main result, we
need to associate a number, denoted η(k, k0 ), to this simple chain. Let B be
the Killing form of the Lie algebra g. Define η(k, k0 ) by the formula
η(k, k0 ) =

2 trQ B|n + 2hnj0 j0 i + hnnni
.
ω(n)(2 trQ B|l + hllli + 2hljji)

One can show that the denominator cannot equal 0 when Hypothesis 2.1 is
satisfied. Moreover, η(k, k0 ) is non-negative. We are now ready to state our
main result.
Theorem 2.3. — Let Hypothesis 2.1 hold for the homogeneous space
M . Assume the tensor field T ∈ M satisfies
inf{T (X, X) | X ∈ n and Q(X, X) = 1}
> η(k, k0 )
trQ T |l
for every simple chain of the form (2.1). Then there exists a Riemannian
metric g ∈ M whose Ricci curvature coincides with cT for some c > 0.
Remark 2.4. — The quantity
inf{T (X, X) | X ∈ n and Q(X, X) = 1}
is the smallest eigenvalue of the matrix of T |n in a Q|n -orthonormal basis
of n.
Remark 2.5. — Let the isotropy representation of M split into two inequivalent irreducible summands. We refer to [5, 7] for a classification of
spaces with this property. Assume Hypothesis 2.1 is satisfied. If it is not,
then all the metrics in M have the same Ricci curvature; see, e.g., [11,
Section 4.2]. Theorem 2.3 provides a sufficient condition for the existence
of g and c such that (1.1) holds. One can show, with the aid of [10, Proposition 3.1], that this condition is also necessary.
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3. An example
In a forthcoming paper, we will prove that generalised flag manifolds satisfy Hypothesis 2.1. Let us outline a procedure for constructing examples
of such manifolds; cf. [2, Chapter 7] and [1]. Roughly speaking, the idea
is to start with a simple complex Lie algebra ḡ and produce a subalgebra
by removing a node from the Dynkin diagram of ḡ. Passing to compact
real forms, then to Lie groups, and taking the quotient, we obtain a homogeneous space. Requirements (1)–(2) of Hypothesis 2.1 are easy to verify.
This procedure is closely related to the theory of Lie superalgebras; see,
e.g., [8, 6]. We will now consider a concrete example.
Let ḡ be the exceptional complex Lie algebra g2 . Fix a Cartan subalgebra
c ⊂ ḡ. We choose a fundamental root system {α1 , α2 } and denote the
corresponding set of positive roots by Φ+ . The Dynkin diagram of ḡ is
α1

α2

and the formula
Φ+ = {α1 , α2 , α1 + α2 , 2α1 + α2 , 3α1 + α2 , 3α1 + 2α2 }
holds true. Consider the decomposition
(3.1)

ḡ = L−3 u L−2 u L−1 u L0 u L1 u L2 u L3 .

In the right-hand side, the symbol u denotes the direct sum. The spaces
Li for i = −3, . . . , 3 are given by the formulas
L0 = c u gα2 u g−α2 ,
L1 = gα1 u gα1 +α2 ,

L−1 = g−α1 u g−α1 −α2 ,

L2 = g2α1 +α2 ,

L−2 = g−2α1 −α2 ,

L3 = g3α1 +α2 u g3α1 +2α2 ,

L−3 = g−3α1 −α2 u g−3α1 −2α2 ,

where gα is the root space corresponding to the root α. Note that L1 , L−1 ,
L3 and L−3 are 2-dimensional over C while L2 and L−2 are 1-dimensional
over C. Clearly, L0 is a Lie subalgebra of ḡ, and c is a Cartan subalgebra
of L0 . Moreover, L0 satisfies the equality
L0 = [L0 , L0 ] u Z.
The space Z in the right-hand side is the 1-dimensional (over C) center of
L0 . The Lie algebra [L0 , L0 ] is simple and isomorphic to sl2 (C). One obtains
its Dynkin diagram by removing the node corresponding to α1 from the
Dynkin diagram of ḡ.
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The space Li is ad(L0 )-invariant for every i = −3, . . . , 3. The representation ad(L0 )|Li is irreducible for i in the set
I = {−3, −2, −1, 1, 2, 3}.
Moreover, ad(L0 )|Li and ad(L0 )|Lj are inequivalent if i, j ∈ I satisfy i 6= j.
The decomposition (3.1) is Z-graded, i.e.,
[Li , Lj ] ⊂ Li+j ,

i, j = −3, . . . , 3,

where we assume Li+j = {0} if |i + j| > 3. Moreover, the properties of root
systems imply the equality
[Li , Lj ] = Li+j

(3.2)

for all i, j ∈ I such that i + j ∈ I.
Fix a Chevalley basis {h1 , h2 ; eα , e−α | α ∈ Φ+ } of the Lie algebra ḡ.
Suppose ∗ is the (antilinear) adjoint operation on ḡ such that
h∗1 = h1 ,

h∗2 = h2 ,

e∗α = e−α ,

α ∈ Φ+ .

Let g be the set of anti-Hermitian elements of ḡ with respect to ∗ . It is easy
to see that g is a compact real form of ḡ. We denote by G the connected
and simply connected Lie group whose Lie algebra coincides with g. The
space L0 is invariant with respect to ∗ . The set
h = g ∩ L0
is a compact real form of L0 . We denote by H the connected Lie subgroup
of G whose Lie algebra equals h. This subgroup is closed. Our next goal is
to show that the homogeneous space G/H satisfies Hypothesis 2.1.
Let Q be the negative of the Killing form of g. Consider the Q-orthogonal
decomposition
g = h ⊕ m1 ⊕ m2 ⊕ m3 .
For i = 1, 2, 3, the space mi is given by the formula
(3.3)

mi = g ∩ (L4−i u Li−4 ).

The complexification of mi equals Li−4 uL4−i . Using this fact, one can show
that mi is ad(h)-invariant and the representation ad(h)|mi is irreducible. If
j = 1, 2, 3 is distinct from i, then ad(h)|mi and ad(h)|mj are inequivalent.
According to (3.2) and (3.3), the spaces
k1 = h ⊕ m1

and

k2 = h ⊕ m2

SÉMINAIRE DE THÉORIE SPECTRALE ET GÉOMÉTRIE (GRENOBLE)

53

EXISTENCE OF HOMOGENEOUS METRICS

are proper Lie subalgebras of g containing h as a proper subset. The same
formulas imply that no other such subalgebras exist. It is obvious that
k1

h = m1 ,

g

k1 = m2 ⊕ m3 ,

k2

h = m2 ,

g

k2 = m1 ⊕ m3 .

These equalities show that k1 and k2 meet requirement (1) of Hypothesis 2.1.
By (3.3), the dimensions of m1 , m2 and m3 are even. Therefore, k1 and k2
meet requirement (2) as well.
We can identify G and H with the real exceptional Lie group G2 and the
unitary group U (2), respectively. Thus, the homogeneous space
G2 /U (2)
satisfies Hypothesis 2.1. Given a tensor field T on this space, Theorem 2.3
provides a sufficient condition for the existence of a Riemannian metric
with Ricci curvature equal to cT for some c > 0.
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